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$C$ Banlach $E$ . $C$ $C$ $T$ $C$
$C$ nonexpansive $x,$ $y\in C$
$||Tx-Ty||\leq||x-y||$
, $F(T)$ $\{x\in C:x=Tx\}$ .
$T$ Banach $C$ $C$ llollexpansive $\mathrm{n}$)$\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{i}\mathrm{n}\mathrm{g}$
. $u$ $C$ , $t$ $0<t<1$ . $x\in C$
$T_{\ell}x=tu+(1-t)Tx$
$C$ $T_{t}$ $x_{t}$ . Browder [6] Hilbert
, $t_{J}arrow 0$ $\{x_{t}\}$ . Takahahi
and Ueda [21] Browder [6] $\{x_{t}\}$ Banach
. Gateaux Banach
, $karrow \mathrm{O}$ $x_{k-}$ $T$ ([13]
):
$x_{k}= \frac{1}{h}.x+(1-\frac{1}{k^{4}})Tx_{k\dot{J}}$, $k=1,2,3,$ $\ldots$ , (1)
$x$ $C$ . , Xu an$1\mathrm{d}$ Ori [22] $T_{1},$ $T_{2_{7}}\ldots$ ) $T_{r}$
implicit iterative process Hilbert : $x=x0\in C$ ,
xn=\mbox{\boldmath $\alpha$}nx l+(l-\mbox{\boldmath $\alpha$}\tilde Inxn’ $n=1,2,$ $\ldots$ , (2)
$\{\alpha_{n}\}$ $0<\alpha_{n}<1$ , $T_{n}=T_{n+r}$ . (2)
Hilbert . SUII, He and Ni [18] (2)
, Banach , $T_{1},$ $T_{2},$ $\ldots,$ $T_{r}$
semicompact $T_{i}$ .
, [t6, 18, 22] , 2 nonexpansive mappings
inlplicit iterative process , nonexpansive mappings
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Opial Banach . , semicompact
, impiicit iterative process ([1, 2,
8, 14, 15] ). one-parametor nonexpansive semigroup
. (general) semigroup




, $E$ Banach , $E^{*}$ $E$ , $\langle y_{j}x^{*}\rangle$ $x^{*}\in$
$E^{*}$ $y\in E$ . $x_{n}arrow x$ $\{x_{n}\}$ $x$ ,
$1\mathrm{i}_{\mathrm{l}}\mathrm{n}x_{n}=x$ x $x$ . $x_{n}arrow x$ H$x_{n}$ } $x$
’\leftarrow ?\leftarrow .-. , $\mathrm{w}- 1\mathrm{i}_{\mathrm{l}}\mathrm{n}x_{n}=x$ $x_{n}$ $x$ . $\mathbb{R}$ $\mathbb{R}^{+}$
,
$\text{ }\vec{f}\Sigma^{j}5n\infty$ , . $\mathrm{N}$
.
$C$ $T$ compa$ct$ $T$ ,
. $C$ $T$ $\xi\in C$ demicompact
, $y_{n}-Ty_{n}arrow\xi$ $C$ $\{y_{n}\}$ , $y_{n}$ , $arrow y$
$y Ty=\xi$ $\{y_{n}\}$ $\{y_{n_{k}}.\}$ $y\in C$, .
$T$ 0 demicompact , $y_{n}-Ty_{n}arrow 0$ $C$ ($J\supset$
$Hy_{n}$ } , $y_{7f}k$. $arrow y$ $\{y_{n}\}$ $\{y_{n_{\mathrm{A}}}..\}$ $y\in C$
, , $T$ 0 demicompact , $T$ semicompact
([22] ), $T$ $C$ demicompact , $C$ $\xi$
demicompact . $T$ $C$ compact
$T$ $C$ demicompact . demicom pact
[2, 1, 14, 15] ,
Banach $E$ $||x||=||y||=1,$ $x\neq y$ $x,$ $y\in E$
$||x+y||/2<1$ . Banach $E$ ,
$x,$ $y\in E,$ $\lambda\in(0,1)$ $||x||=||y||=||(1-\lambda$ } x+\lambda y|\mapsto S $x=y$
.
$B_{r}=\{v\in E : ||v||\leq r\}$ . Banach $E$ , $\epsilon:>0$
, $||x-y||\geq\epsilon$ $x,$ $y\in B_{1}$ $||x+y||/2\leq 1-\delta$
$\delta>0\mathrm{B}\grave{\grave{1}}$
. Banach ,




$y\neq x$ $y\in C$ ([12]). Banach
, $\mathrm{I}h^{\Gamma}-\varliminf_{\alpha}x_{\alpha}=x$ $E$ net $\{x_{\alpha}\}$ $x\in C$,
$|_{\sqrt}\mathrm{a}$
$\frac{1\mathrm{i}\mathrm{n}1}{a}.||x_{\alpha}-x||<\frac{1\mathrm{i}\mathrm{n}\mathrm{z}}{\alpha}||x_{\alpha}-.y||$
$y\neq x’$ $y\in C$ ([4] ).
$x\mapsto\{x^{*}\in E^{*} : \langle x, x^{*}\rangle=||x||^{2}=||x^{*}||^{2}\}$ , $E$ (
Opial . Hilbert Opial , $1<p<\infty$




$C$ Banach $E$ , $T,$ $U$ $C$ $C$ non expansive
mappings $TU=UT$ , $F(T)\cap F(U)$ . $\{\alpha_{n}\}$ $0\leq\alpha_{n}\leq 1$





. , nonexpansive mappings (3)
$\{x_{n}\}$ , .
3.1. ,
nonexpansive rnappings $T$ $U$ (Theorem 34)
(Theorem 35) , .
Lemma 31. $C$ Banach $E$ , $T$ $U$ $C$ $C$
nonexpansive mappings $TU=UT$ , $F(T)\cap F(U)$ . $\{\alpha_{n}\}$
$0<\alpha_{n}<1$ . $x$ $C$ , $\{x_{n}\}$ (3)
. $w\in F(U)\cap F(T)$ $||x_{n+3}-w||\leq||x_{n}-w||$ ,
$narrow\infty 1\mathrm{i}\mathrm{n}1||x_{n}-w||$ ,
[3] , .
Lemma 32 ([3]). $C$ Banach , $T$ $U$




$=1 \mathrm{i}\mathrm{n}\mathrm{a}\sup_{y\in C\cap B_{\gamma}}narrow\infty||\frac{1}{(n+1)^{2}}..,\sum_{jj=0}^{n}T^{i}U^{j}y-U(\frac{1}{(n+1)^{2}},\sum_{i.j=0}^{n}T^{i}U^{j}y)||=0$
.
Theorems 34, 35 .
Lemma 33. $E$ Banach . $C$ $E$ ,
$T$ $U$ $C$ $C$ llonexpansive mappings $TU=UT$ , $F(T)\cap F(U)$
. $\{\alpha_{n}\}$ $0<\alpha_{n}<1$ , $\sum_{n=1}^{\infty}(1-\alpha_{n})=\infty$ , $x$
$C$ , {x (3) ,
$narrow\infty 1\mathrm{i}\mathrm{n}1||x_{n}-Tx_{n}||=1\mathrm{i}\mathrm{n}\mathrm{z}narrow\infty||x_{n}-Ux_{n}||=0$ .
.




Theorem 34. $E^{1}$ Opial Banach . $C$ $E$
, $T$ $U$ $C$ $C$ nonexpansive mappings $TU=UT$
, $F(T)\cap F(U)$ . $\{\alpha_{n}\}$ $0<\alpha_{n}<1,$ $\sum_{n=1}^{\propto)}(1-\alpha_{n})=\infty$
. $x$ $C$ , $\{x_{n}\}$
$\{$
$x=x_{0}$
$x_{n}= \alpha_{n}x_{n-1|}[perp](1-\alpha_{n})\frac{1}{(n+1)^{2}}\sum_{i,j=0}^{n}T^{i}U^{j}x_{n}.$, $n\in \mathrm{N}$ .
. $\{x_{n}\}$ $T$ $U$ .
, .
Theorem 3.5. $E$ Banach , $C$ $E$
, $T$ $U$ $C$ $C$ nonexpansive mappings $TU=UT$ , $F(T)$ $F(U)$
. $\{\alpha_{n}\}$ $0<\alpha_{n}<1,$ $\sum_{n=1}^{\infty}(1-\alpha_{n})=\infty$ .
$x$ $C$ , $\{x_{n}\}$ (3.4) . 3 $U$ 1/‘
selnicompact , $\{x_{?l}\}$ $T$ $U$ .
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4. ONE-PARAM ETOR NONEXPANSIVE SEMIGROUP
, one-parametor nonexpansive sellligroup
.
Banach $C$ $C$ $S=\{T(s) : s\in \mathbb{R}^{+}\}$
(i),(ii),(iii) , $S=\{T(s) : s\in \mathbb{R}^{+}\}$ ( $C$ one-parametor nonexpansive
semigroup .
(i) $T(s+t)=T(s)T(t)$ $t,$ $s\in \mathbb{R}^{+}$ ;
(ii) $||T(s)x-T(s)y||\leq||x-y||$ $x,$ $y\in C$ $s\in \mathbb{R}^{+}$ ;
(iii) $x\in C$ , $s\mapsto T(s)x$ :
(iv) $T(0)x=x$ $x\in C$ .
34 .
Theorem 41. $E$ Opiai Banach . $C$ $E$
, $S=\{T(s) : s\in \mathbb{R}^{+}\}$ $C$ on$\mathrm{a}\mathrm{e}$-param etor nonexpansive
semigroup ,$\in R^{+}F(T(s))$ . $\{\alpha_{n}\}f3;0<\alpha_{n}<1,$ $\sum_{\tau\iota=1}^{\infty}(1-\alpha_{n})=\infty$
, $\{t_{n}\}$ $t_{n}arrow\infty$ . $x$ $C$ , $\{x_{n}\}$
$\{$
$x=x_{0}$
$x_{n}= \alpha_{n}x_{n-- 1}+(1-a_{n}’)\frac{1}{t_{n}}\int_{0}^{t_{\tau\iota}}.T(s)x_{n}ds$ , $n\in \mathrm{N}$ .
. $\{x_{n}\}$ , $\in R+F(T(s))$ .
35 .
Theorem 42. $E$ Banach . $C$ $E$
, $S=\{T(s) : s\in \mathbb{R}^{+}\}$ $C$ one-parametor nonexpansive semigroup
$\bigcap_{s\in \mathbb{R}^{+}}F(T(s))$ . $\{\alpha_{n}\}$ $0<\alpha_{n}<1_{\mathit{1}}$. $\sum_{n=3}^{\infty}(1-\alpha_{n}^{l})=\infty$
, $\{t_{n}\}$ $t_{n}arrow\infty$ , $x$ $C$ , $\{x_{\uparrow \mathrm{z}}\}$ (4.1)
. semicompact $T(s)\in S$ , { $x_{n}]$
$\bigcap_{s\in \mathrm{R}}+F(T(s))$ .
5. NONEXPANSIVE SEMIGROUP $\text{ _{}\backslash }\text{ }$ $\mathrm{U}\mathrm{X}\text{ }\acute{\mathrm{x}}\overline{\mathrm{E}}$
, Theorems 34, 4.1 Theorems 35, 42, ,
llon expansive semigroup .
5.1. . $S$ (general) semigroup . Banach $C$
$C$ $S=\{T\{s) : s\in S\}$ (i),(ii) , $S=\{T(s) : s\in S\}$
$C$ nonexpansive semigroup .
(i) $T(st.)=T(s)T(t)$ $t,$ $s\in S$ :
(ii) $||T(s)x-T(s)y||\leq||x-y||$ $x,$ $y\in C_{J}$ $s\in S$ ,
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$F(S)$ $T(s),$ $s\in S$ , $F(S)=\cap Fs\in S(T(s))$ .
, $B(S)$ $S$ Banach ,
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{r}\mathrm{e}\ln\iota i\ln- \mathrm{n}\mathrm{o}\mathrm{r}\ln$ . , $X$ $B(S)$ . $\mu\in X^{*}$ , $\mu(f)$
$\mu$ $f\in X$ , $\mu(f)$ $\mu_{t}(f(t))$ . $X$ 1 ,
$X$ $\mu$ $||\mu||=\mu(1)=1$ $X$ mean .
$s\in S$ $f\in B(S)$ , $l_{s}f\in B(S)$
$(l_{s}f)(t)=f\langle st)$ , $t\in S$
. $l_{s}^{*}$. $l_{s}$ . $X$ $l_{s}$-invariant ,
$f\in X$ $l_{s}f\in X$ $s\in S$ .
$s\in S$ $f\in X$ $\mu(l_{s}f)=\mu(f)$ , $X$
mean $\mu$ left invariant . $X$ mean $\{\mu_{n}\}$ $s\in S$
$||\mu_{n}-$ $l_{s}^{*}.\mu_{n}||arrow 0$ , strongly lefl regular $|_{\sqrt}\mathrm{a}$ . $S$ ,
strongly left regular sequence strongly regular ([9, Il] ).
$C$ Banach $E$ . $S=\{T(t) :t\in S\}$ $C$
nonexpansive semigroup $F(S)\neq\emptyset$ . $x\in C$
$\{T(t)x : t\in S\}$ . $X$ $B(S)$
$1\in X$ , $x\in C$ $x^{*}\in E^{*}$ $t\mapsto\langle T(t)x, x^{*}\rangle\in X$
$X$ . $X$ lllean $\mu$ $x\in C$
$\ovalbox{\tt\small REJECT} x,$ $y\rangle=\mu_{s}\langle T(s)x, y\rangle$ $y\in E^{*}$ $C$, $T_{\{l}x$
([9, 19]). , $T_{\mu}$ $C$ $C$ nonexpansive mapping $x\in F(S)$ (
$T_{\mu}x=x$ .
, lzonexpansive selnigroup (The-
orem 54) (Theorem 55) ,
.
Lemma 51([5]). $C$, Banach $E$ , $S=$
$\{T(s) : s\in S\}$ $C$ nonexpansive semigroup $F(S)$ . $X$ ( $B(S)$
$\mathrm{I}\in X$ , $s\in S$ $l_{s}$-invariant , $x\in C$
$x^{*}\in E^{*}$ $t\mapsto\langle T(t)x, x^{*}\rangle$ $X$ . $\{\mu_{n}\}$ $X$ mean
strongly left regular , $\{\alpha_{n}\}$ 1 $0<\alpha_{n}<1,$ $\sum_{n=1}^{\infty}$ $($ 1 – $\alpha_{n})=\infty$
. $x$ $C$ , $\{x_{n}\}$
$\{$
$x=x_{0}$
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})T_{\mu_{n}}x_{n}$ , $n\in \mathrm{N}$ .
(3)




Lemma 52([17]). $C$ Banach $E$ , $S=$
$\{T(t) : t\in S\}$ $C$ nonexpansive semigroup $F(S)$ . $X$ (
$B(S)$ $1\in X$ $s\in S$ $l_{s^{-}}\mathrm{i}\mathrm{n}\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}11\mathrm{t}$ ,
$x\in C$ $x^{*}\in E^{*}$ , $t\mapsto\langle T(t)x, x^{*}\rangle$ $X$ . $\{Ln\}$ $X$ mean





(Theorems 54, 55) .
Lemma 53([5]). $C$ Banach $E$ , $S=$
$\{T(s) : s\in S\}$ ( $C$ nonexpansive seinigroup $F(S)$ . $X$ (
$B(S)$ $\mathrm{I}\in X$ , $s\in S$ $l_{s}$-invariant ,
$x\in C$ $x^{*}\in E^{*}$ $t\mapsto\langle T(t)x, x^{*}\rangle$ $X$ . $\{\mu_{n}\}$ $X$
mean strongly left regular , $\{\alpha_{n}\}$ $0<\alpha_{n}<1,$ $\sum_{n=1}^{\infty}(1-\alpha_{n})=\infty$





52 nonexpansive semigroup . Theorems
3.4, 4.1 .
Theorem 54([5]). $E\prec$ Opial Banach , $S$ semi-
group . $C$ $E$ , $S=\{T(s) : s\in S\}$ $C_{J}$
nonexpansive senligroup $F(S)$ . $X$ $B(S)$ $1\in X$
, $s\in S$ $l_{s}$ -invariant , $x\in C$ $x^{*}\in E^{*}$
$t\mapsto\langle T(t)x, x^{*}\rangle$ $X$ . { $\{\iota_{n}\}$ $X$ mean strongty
left regular , $\{\alpha_{n}\}$ $0<\alpha_{n}<1,$ $\sum_{n=1}^{\infty}(1-\alpha_{n})=\infty$
. $x$ $C$ , $\{x_{n}\}$
$\{$
$x=x_{0}$
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})T_{\mu_{r\iota}}x_{\tau\iota}$ , $n\in \mathrm{N}$ .
(4)
. {x $F(S)$ .
5.3. nonexpansive semigroup . Theorems 35, 42
, nonexpansive semigroup .
Theorem 55([5]). $E$ Banach . $C$ $E$
, $S$ semigroup . , $S=\{T(s) : s\in S\}$ ( $C$ nonexpansive
semigroup $F(S)$ . $X$ $B(S)$ $1\in X$ ,
$s\in S$ $l_{s}$-invariant , $x\in C$ $x^{*}\in E^{*}$ $t\mapsto\langle T(t)x, x^{*}\rangle$
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$X$ . $\{\mu_{n}\}$ $X$ mean strongly left regular




$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})T_{\mu_{n}}x_{n}.$ , $n\in \mathrm{N}$ .
(5)
. semicompact $T(s)\in S$ , $\{x_{n}\}$
$F(S)$ ,
,
Theorem 56([5]). $C$ Banach $E$ , $S$
semigroup . , $S=\{T(s) : s\in S\}$ $C$ nonexpansive selnigroup
$F(S)$ . $X$ $B(S)$ $1\in X$ , $s\in S$
$l_{s}$-invariant , $x\in C$) $x^{*}\in E^{*}$ $trightarrow\langle T(t)x, x^{*}\rangle$ $X$
. , $\{\mu_{n}\}$ $X$ mean strongly left regular ) $\{\alpha_{n}\}$
$0<\alpha_{n}<1,$ $\sum_{n=1}^{\infty}(1-\alpha_{n)}^{\backslash }=\infty$ . $x$ $C$ , $\{x_{n}\}$ (5)
, $\{x_{n}\}$ $F(S)$
$\underline{\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{l}}_{n-\prime\infty}.d(x_{n}, F(S))=0$ .
Theorem 57([5]). $C$ Banach $E$ , $S$
semigroup . , $S=\{T(s) : s\in S\}$ $C$ nonexpansive semigroup
$F(S)$ $X$ $B(S)$ $1\in X$ , $s\in S$
$l_{s^{-}}\mathrm{i}1\mathrm{u}\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{t}$ , $x\cdot\in C$ $x^{*}\in E^{*}$ $trightarrow\langle T(t)x, x^{*}\rangle$ ( $X$
. $\{\ell\iota_{71}\}$ $X$ mean strongly left regular , $\{\alpha_{n}\}$
$0< \alpha_{n}<1’.\sum_{\mathrm{r}\tau=1}^{\infty}(1-\alpha_{n})=\infty$ ,
$||(I-T(s))z||\geq kd(_{\sim}^{\mathrm{v}}, F(S))$ (6)
$\approx$. $\in C$ $s\in S$ $k>0$ . $x$ $C$
, $\{x_{n}\}$ (5) . $\{x_{n}\}$ $F(S)$ .
6.
54 , 34 4.1 , 5.5 , 3.5 42
, ([20] ).
Theorem 61([5]). $E$ Banach . $C$, $E$
, $T$ $C$ $C$ nonexpansive mapping $F(T)$ . $\{\alpha_{n}\}$ (
$0<\alpha_{n}<1$ , \Sigma 1 $(1-\alpha_{n})=\infty$ . $x$ $C$ , $\{x_{n}\}$
$\{$
$x=x_{0}$
$x \text{ }=\alpha_{n}x_{n-1}+(1-\alpha_{n})\frac{1}{n+1}\sum_{j=0}^{n}T^{j}x_{n}.$, $n\in \mathrm{N}$ .
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. $E$ Opial $\{x_{n}\}$ $T$
, $T$ semicompact $\{x_{n}\}$ $T$ .
Theorem 62([5]). $E,$ $C$ $T$ Theorem 6.1 . $\{q_{n,m} : n, m\in \mathrm{N}\}$
$q_{n,m}\geq 0$ $n\in \mathrm{N}$ $\sum_{m=0}^{\infty}q_{n,m}=1$ , $1 \mathrm{i}\mathrm{n}1_{n}\sum_{m=0}^{\infty}|q_{n,m+1}$ -
$q_{n,m}|=0$ . $\{\alpha_{n}\}$ $0< \alpha_{n}<1_{7}\sum_{n=1}^{\infty}(1-a_{n})=\infty$
. $x$ $C$ , $\{x_{n}\}$
$\{$
$x=x_{0}$
$x_{n}= \alpha_{n}x_{n-- 1}+(1-\alpha_{n})\sum_{m=0}^{\infty}q_{n,m}T^{m}x_{n}$ , $n\in \mathrm{N}$ .
. $E$ Opial $\{x_{n}\}$ $T$
, $T$ seinicompact $\{x_{n}\}$ $T$ .
Theoremn 63([5]). $E,$ $C$ Theorem 6.1 . $S=\{T(s) : s\in \mathbb{R}^{+}\}$ ( $C$
one-parametor nonexpansive semigroup ,$\in 1R+F(T(t))$ , {r
$r_{\Gamma 1}.$. $arrow 0$ , $\{\alpha_{n}\}$ $0< \alpha_{n}<1_{?}\sum_{n=1}^{\infty}(1-\alpha_{n})=\infty$
, $x$ $C$ , $\{x_{r\iota}\}$
$\{$
$x=x_{0}$
$x_{n}= \alpha_{n}x_{n-1}+(1-\alpha_{n})r_{n}\oint_{0}^{\infty}e^{-r_{r\prime}}{}^{t}T(t)x_{n}dt$ $n\in \mathrm{N}$ .
. $E$ Opial $\{x_{n}\}$ $\bigcap_{s\in \mathbb{R}}\dashv F(T(s))$
, semicompact $T(s.)\in S$ $\{x_{n}\}$ $\bigcap_{s\in \mathbb{R}^{\dashv}}F(T(s))$
.
Theorem 64([5]). $E,$ $C$ $S=\{T(s) : s\in \mathbb{R}^{+}\}$ Theorem 63 .
$\{q_{n}\}$ $[0, \infty)$ $[0, \infty)$ $n\in \mathrm{N}$ $f_{0}^{\infty}q_{n}(t)dt=1$
, $t\geq 0$ $1\mathrm{i}\mathrm{n}1_{narrow\infty}q_{n}(t)=0$ , $s>0$
$1\mathrm{i}\mathrm{n}1_{r\iotaarrow\varpi}f_{0}^{\infty}|q_{n}(t+s)-q_{n}(t)|dt=0$ . $\{\alpha_{n}\}$ $0<\alpha_{n}<1$ ,
$\sum_{n=1}^{\infty}(1-\alpha_{n})=\infty$ , $x$ $C$ , $\{x_{n}\}$
$\{$
$x=x_{0}$
$x_{J}n=:_{n}x_{n-1}+(1- \alpha_{n})\int_{0}^{\infty}q_{n}(t)T(t)x_{n}dt$, $n\in \mathrm{N}$ .
. $E$ Opial $\{x_{n}\}$ $\bigcap_{s\in R^{+}}F(T(s))$
, semicompact $T(s)\in S$ $\{x_{n}\}$ $\bigcap_{s\in \mathbb{R}^{+}}F(T\{s))$
.
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